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Inspired by ideas regarding Hermitian N ×N matrix fields obeying a non-associative algebra, 3-
dimensional N = 8 SUSic field theories are proposed to on-shell represent subalgebras of OSp(8|2)
and OSp(8|4) groups of SUSY transformations. They are theories of 8 scalar and 8 spinor fields
with Yukawa, quartic and sextic self-interactions. The actions as their R-symmetry exhibit only
SO(7) or SO(4) × SO(4) subgroups of full SO(8) automorphisms. It is argued that the number of
degrees of freedom scale like N3/2. There also exists an extra SN permutation symmetry group.
PACS numbers: 11.25.Yb, 11.10.-z,11.30.Pb, 12.26.Jv
I. INTRODUCTION AND CONCLUSION
There are multilateral motivations to study maximally
supersymmetric (SUSic) field theories in 3 dimensions
(D) [1, 2]. The maximal supersymmetry (SUSY) in a
theory (without general covariance) means 16 different
SUSY transformations which can be promoted to 32 in
scale invariant theories. In 3D it corresponds to N = 8
SUSY, the automorphism subgroup of which is SO(8).
In this note algebras of OSp(8|2) (Poincare SUSY)
and OSp(8|4) (conformal SUSY) groups of transforma-
tions with all possible algebraic extensions are studied
in details. Then, inspired by ideas regarding Hermitian
N × N matrix fields obeying a non-associative algebra
and at the same time relaxing R-symmetry to SO(7) and
SO(4) × SO(4) subgroups of SO(8) automorphisms, 3-
dimensional N = 8 SUSic field theories are proposed to
on-shell represent SUSY algebras. They are interacting
field theory of 8 scalar and 8 spinor fields with Yukawa,
quartic and sextic self-interactions. They explicitly re-
alize algebraic extensions. They will also be promoted
to conformal field theories once the dimensionful mass
parameter is turned off.
Ever since M-theory has been hypothesized as a con-
sistent theory for quantum gravity [3], M2-branes came
into attention as its fundamental degrees of freedom [4].
It is believed that the low energy effective theory of a
system of M2-branes is a 3 dimensional field theory with
maximal SUSY. There are attempts to propose such a
theory as Matter-Chern-Simons gauge theories [1, 5, 6].
It is proposed that the conformal field theory presented
here would describe dynamics of a stack of coincident
M2-branes. Indeed the given actions, upon torus com-
pactification (dimensional reduction to 1D), seem to be
related to the DLCQ Hamiltonian of IIB string theory
with N units of light-cone momenta on flat or AdS5×S5
backgrounds [7, 8]. Thus, they might be linked to the-
ory of system of N coincident M2-branes [9]. Another
pieces of evidence come from the fact that the number of
degrees of freedom of matrix fields taking values in the
non-associative algebra scales like N3/2 and there exists
an extra SN (N ≥ 4) discrete symmetry. It is also be-
lieved that the proposed theory with SO(3, 2) × SO(7)
symmetry structure is linked to SO(7) invariant solution
of 11D SUGRA [10].
II. THE OSp(8|2) AND OSp(8|4) SUSY GROUPS
SUSY algebra is an extension of classical Lie algebras
by adding generators in spinor representations [11]. In
3D, they are spinors of the Lorentz group SO(1, 2) =
SL(2, R) ≈ USp(2). It admits three real valued Pauli
matrices σµ and a real 2 dimensional representation, 2r.
The so-called N -extension to the SUSY algebras is
achieved by introducing a set of independent fermionic
generators. Phenomenologically, in 3D the maximal
SUSY is N = 8. The SUSY algebra is enlarged by auto-
morphism group SO(8) which is necessary by the closure
condition. The fermionic generators are in its representa-
tion as well. It has 3 irreducible 8 dimensional representa-
tion 8v, 8s and 8c which are equivalent by triality. Thus,
the fermionic generators, QA˙α , of maximal SUSY alge-
bra are in (2r,8c) representation of Spin(1, 2)×Spin(8)
bosonic subgroup of SUSY group OSp(8|2).
A non-trivial extension to N -extended SUSY alge-
bra comes thorough adding new elements to the anti-
commutation relation. Minimally, anti-commutations of
SUSY generators give bosonic generators of the algebra
the SUSY is based on. It is possible to modify this by
adding a number of bosonic elements which are allowed
by the algebra. These addons are called algebraic “exten-
sions”. Extensions may [11] or may not [12, 13] commute
with the rest of the algebra. The necessary and sufficient
condition for the consistency of the algebra is its closure,
i.e. all the generators satisfy different Jacobi identities.
It implies that in the case of SUSY algebras not based on
Poincare algebra [14, 15, 16], adding bosonic extensions
demands adding fermionic extensions as well [17, 18, 19].
The algebra of fermionic generators comes via anti-
commutators
{
QA˙α , Q
B˙
β
}
. By product of representations
2r ⊗ 2r = 1
a ⊕ 3s, (1)
8c ⊗ 8c = 1
s ⊕ 28a ⊕ 35s
c
, (2)
2one can see what appear on the right-hand side of the
anti-commutation relation. The superscripts stand for
symmetric and anti-symmetric representations. Having
multiplied representations and projected out to symmet-
ric representations, one finds[
(1a ⊕ 3s)⊗ (1s ⊕ 28a ⊕ 35s
c
)
]
symmetric
=
(3s,1s)⊕ (1a,28a)⊕ (3s,35s
c
).
(3)
Thus group theoretically, maximally extended SUSY al-
gebra would be
{
QA˙α , Q
B˙
β
}
=(Cσµ)αβPµ1
A˙B˙+CαβΓ
IJ
A˙B˙
J
IJ+(Cσµ)αβY
A˙B˙
µ .
(4)
Pµ is the generator of spacetime translations in (3
s,1s)
representation. JIJ , sitting in (1a,28a) representation,
contains the generator for infinitesimal rotations in “R-
space” (I = 1, 2, . . . 8). It satisfies
[JIJ ,JKL] = i
(
δ[JKJI]L − δ[JLJI]K
)
. (5)
They act on fermionic generators as
[JIJ , QA˙α ] = Γ
IK
A˙B˙
QA˙α , (6)
where ΓIJ is commutator of SO(8) gamma matrices.
Furthermore, YA˙B˙µ is a symmetric tensor in (3
s,35s) rep-
resentation. Note that Cσµ and is symmetric matrix and
C is an anti-symmetric one. The matrix C is charge con-
jugation matrix, i.e. CσµC−1 = −σtµ. It worths noting
that both sides of (4) has 136 independent component.
For completeness, it is good to mention
[Mµν , QA˙α ] = ǫ
µνρσραβQ
A˙
β , (7)
where Mµν is the generator of Lorentz transformations.
Consistency of the extended algebra demands its clo-
sure, i.e. satisfy Jacobi identities. In general extensions
carrying spacetime and R-space indices would have non-
trivial commutators with corresponding rotations gener-
ators (hence obviously they are not central to the original
SUSY algebra). Therefor, closure of the algebra may im-
ply that commutators is non-zero and forces to introduce
new fermionic generators.
SO(7) Decomposition For latter use, one considers
decompositions of representations of SO(8) into repre-
sentations of SO(7) subgroup.
8v −→ 1+ 7, (8)
8s,c −→ 8r, (9)
where 1,7 and 8r are singlet, fundamental (vector) and
spinor representations of SO(7) respectively. Then
8r ⊗ 8r = 1
s ⊕ 7a ⊕ 21a ⊕ 35s. (10)
Branching rules for other representations is as follows
28
a −→ 7+ 21 , 35s,c −→ 35. (11)
In this case, one reads[
(1a ⊕ 3s)⊗ (1s ⊕ 7⊕ 21a ⊕ 35s)
]
symmetric
=
(3s,1s)⊕ (1a,7a)⊕ (1a,21a)⊕ (3s,35s).
(12)
Thus, the algebra (4) is rewritten as
{
QAα , Q
B
β
}
= (Cσµ)αβPµ1
AB + Cαβγ
ij
ABJ
ij
+ Cαβγ
i
ABZ
i + (Cγµ)αβY
AB
µ ,
(13)
where i = 1, . . . , 7 and γi are gamma matrices of SO(7).
Conformal Extension The Poincare group can be pro-
moted to conformal group by adding dilatation and spe-
cial conformal transformations (SCT). In 3D it is locally
isomorphic to group SO(2, 3). The generators of its alge-
bra is denoted by Mmn where m runs from −1 to 3 and
satisfy the following algebra
[Mmn,Mpq] = i
(
η[npMm]q − η[nqMm]p
)
, (14)
where ηmn = diag(+ − − − +). The SUSic conformal
algebra is achieved by adding fermionic generators in
conformal spinor representation, 4r. In fact a confor-
mal spinor is composed of two real Lorentz spinors 2r,
i.e. two USp(2) spinors Qα and Sα are completed to a
USp(4) spinor Qa. It satisfies
[Mmn,Qa] = γ
mn
ab Qb, (15)
where γmn = 1/2[γm, γn] and γm are gamma matrices of
SO(2, 3). The number of fermionic generators of maxi-
mal conformal SUSY algebra is 32 which sit in (4r,8c)
representation of USp(4)× Spin(8) as bosonic subgroup
of OSp(8|4), and denoted by QA˙a . It is proved that there
can exist conformal supersymmetric field theories with
this number of supercharges in 3D [14].
The algebra of fermionic generators comes via anti-
commutators
{
QA˙a ,Q
B˙
b
}
. By product of representations
4r ⊗ 4r = 6
a ⊕ 10s, (16)
one can see what may appear on the right-hand side of
the anti-commutation relations. Having multiplied rep-
resentations and projected to symmetric representations,
one finds[
(6a ⊕ 10s)⊗ (1s ⊕ 28a ⊕ 35s
c
)
]
symmetric
=
(10s,1s)⊕ (6a,28a)⊕ (10s,35s
c
).
(17)
Thus, maximally extended SUSY algebra would be
{
QA˙a ,Q
B˙
b
}
= (Cγmn)abMmn1A˙B˙ + CabΓ
IJ
A˙B˙
J
IJ
+ (Cγm)abΓ
IJ
A˙B˙
ZIJm + (Cγ
mn)abY
A˙B˙
mn .
(18)
The extension YA˙B˙mn is symmetric and anti-symmetric
with respect to upper and lower indices respectively and
3is in representation (10s,35s
c
). The extension ZIJm in
representation (6a,28a) is anti-symmetric with respect
to upper indices. Note that Cγmn is a symmetric ma-
trix, C and Cγm are anti-symmetric matrices. The ma-
trix C is charge conjugation matrix in spacetime, i.e.
CγmC−1 = −γtm. It is interesting to note that both sides
of the above relation has 528 independent component.
Again, consistency demands closure of the algebra.
Due to existence of tensor extensions (which behave non-
trivially under rotations generatorsM and J), the Jacobi
identities demand some fermionic extensions.
Poincare Decomposition It is customary to decom-
pose the conformal algebra into its Lorentz and dilation
subgroup. This is due to the fact that only this sub-
groups are manifest in the level of the action of the field
theory. The generator of rotations is partitioned as
Mmn →M−13,M−1µ,M3µ,Mµν , (19)
where M−13 is identified as D, the dilatation generator,
and M−1µ ± M3µ is defined Pµ and Kµ, generators of
translations and SCT’s respectively. Further,Mµν is gen-
erator of rotations in 3 dimensional Minkowski spacetime.
The vector extension is decomposed as
ZIJm → Z
IJ
−1,Z
IJ
3 ,Z
IJ
µ , (20)
for later use, one defines ZIJ−1 ± Z
IJ
3 = Z
IJ
± . The tensor
extension is partitioned as
YA˙B˙mn → Y
A˙B˙
−1µ,Y
A˙B˙
3µ ,Y
A˙B˙
−13,Y
A˙B˙
µν . (21)
One define YA˙B˙−13 = Y
A˙B˙ and combination YA˙B˙−1µ±Y
A˙B˙
3µ =
YA˙B˙µ± for later convenience.
The fermionic generator QA˙a is also decomposed into
two sets of generators, QA˙α and S
A˙
α in representation
(2r,8c). For “Q − Q” and “S − S” anti-commutators,
upon imposing symmetric condition one finds
{
QA˙α , Q
B˙
β
}
= (Cσµ)αβPµ1
A˙B˙+CαβΓ
IJ
A˙B˙
ZIJ+ +(Cσ
µ)αβY
A˙B˙
µ+ ,
(22)
{
SA˙α , S
B˙
β
}
= (Cσµ)αβKµ1A˙B˙+CαβΓ
IJ
A˙B˙
ZIJ− +(Cσ
µ)αβY
A˙B˙
µ− .
(23)
Regarding “Q − S” anti-commutation relation, whereas
there is no symmetry restriction on the representation,
one finds that product of representations gives[
(1a ⊕ 3s)⊗ (1s ⊕ 28a ⊕ 35s
c
)
]
= (1a,1s)⊕ (1a,28a)
⊕(1a,35s
c
)⊕ (3s,1s)⊕ (3s,28a)⊕ (3s,35s
c
).
(24)
Explicitly, in terms of bosonic generators and extension
one finds (noting Mµ = ǫµνρMνρ and YA˙B˙µ = ǫµνρY
A˙B˙
µν ){
QA˙α , S
B˙
β
}
= CαβD1A˙B˙ + (Cσ
µ)αβMµ1A˙B˙ + CαβΓ
IJ
A˙B˙
J
IJ
+ (Cσµ)αβΓ
IJ
A˙B˙
ZIJµ + CαβY
A˙B˙ + (Cσµ)αβY
A˙B˙
µ .
(25)
III. THE FIELD THEORY REALIZATION
Having studied N = 8 SUSY algebras in details,
field theories are presented here to on-shell realize them.
Naively, in order to fields theoretically represent the alge-
bras, 8 real scalar fields and 8 spinor fields are needed. It
is argued bellow that interacting actions can be written
through two assumptions; dynamical fields are Hermitian
matrices valued in a non-associative algebra and further-
more, SO(8) automorphism is relaxed to its subgroups.
Two cases are considered here; theories realizing SO(7)
and SO(4)× SO(4) groups as their global R-symmetry.
SO(7) subgroup of SO(8)
As for bosonic field, one considers 8 scalar fields φi and
φ8 in 7 and 1 representations of SO(7) respectively. For
fermionic counterparts, one includes 8 Majorana spinor
fields ψAα in (2r,8r) of Spin(1, 2) × Spin(7). The cru-
cial point in using SO(7) subgroup is that in addition
the metric δij and pseudo-tensor ǫijklmnp, SO(7) group
has another invariant anti-symmetric tensor cijk (and its
dual cijkl = ǫijklmnpcmnp/3!) which can be used to pro-
pose non-linear terms. Furthermore, dynamical fields are
supposed to be promoted to Hermitian matrix fields sat-
isfying non-associative algebra of generalized gamma ma-
trices of Spin(4) [see appendix B]. This algebraic struc-
ture is implemented via generalized 4-commutators.
All things considered, the most general objects sitting
in fundamental and singlet representation of SO(7) and
spinorial of Spin(7) are
7 : mφi + gtijkl[φj , φk, φl, T ] + gtijk[φj , φk, φ8, T ],
1 : mφ8 + gtjkl[φj , φk, φl, T ],
8r : mψ
A + gγijAB[φ
i, φj , ψB, T ] + gγiAB[φ
i, φ8, ψB, T ],
where T is a fixed matrix and 4-commutator is just
fully anti-symmetric matrix product of 4 matrices[7,
20],[appendix B]. γi are Spin(7) gamma matrices satis-
fying Dirac algebra {γi, γj} = 2δij and γij = 1/2[γi, γj].
Later on, constants m and g will be regarded as mass
and coupling constant.
One proposes the following as the most general renor-
malizable action governing the dynamics of fields
S =
∫
d3xTr
[
1
2
∂µφi∂µφ
i +
1
2
∂µφ8∂µφ
8 + iψ¯Aσµ∂µψ
A
−
1
2
(
mφi + gtijkl[φj , φk, φl, T ] + gtijk[φj , φk, φ8, T ]
)2
−
1
2
(
mφ8 + gtjkl[φj , φk, φl, T ]
)2
−ψ¯A
(
mψA+ gγijAB[φ
i, φj , ψB, T ]+ gγiAB[φ
i, φ8, ψB, T ]
)
.
(26)
It is manifestly invariant under ISO(1, 2)×SO(7) group
of transformations, as well as discrete SN group of permu-
4tations of N objects (see [appendix A] for explicit con-
struction of the action). Note that to avoid confusion,
some numerical coefficients (1/3! and 1/2) are ignored
here, they can be easily reimbursed by noting product of
anti-symmetric tensors and 4-commutators.
The equations of motion can be derived as
φi =−m2φi
− gγijAB[ψ¯
A, ψB, φj , T ]− gγiAB[ψ¯
A, ψB, φ8, T ]
−mgtijkl[φj , φk, φl, T ]−mgtijk[φj , φk, φ8, T ]
−g2[φj , φk, [φi, φj , φk, T ], T ]−g2[φj , φ8, [φi, φj , φ8, T ], T ],
(27)
φ8 =−m2φ8
− gγiAB[ψ¯
A, ψB, φi, T ]−mgtijk[φi, φj , φk, T ]
− g2[φj , φk, [φ8, φj , φk, T ], T ],
(28)
σµ∂µψ
A =−mψA
− gγijAB[φ
i, φj , ψB, T ]− gγiAB[φ
i, φ8, ψB, T ].
(29)
One discovers the following set of transformations re-
lating bosonic and fermionic degrees of freedom, thus
called SUSY transformations, that leave action intact
δφi = ǫ¯γiψ, (30)
δφ8 = ǫ¯ψ, (31)
δψ =
(
∂/φi +mφi + gtijk[φj , φk, φ8, T ]
+ gtijkl[φj , φk, φl, T ]
)
γiǫ
+
(
∂/φ8 +mφ8 + gtijk[φi, φj , φk, T ]
)
ǫ.
(32)
However, invariance of the actin is necessary but not
enough. Using equations of motion, one must check the
on-shell closure of SUSY transformations on fields. Ap-
plying twice on fields and forming commutators one finds
[δǫ, δǫ′ ]φ
i = ιµ∂µφ
i
+Ωij(mφ
j + gtjklm[φk, φl, φm, T ] + tjkl[φk, φl, φ8, T ])
+ Ωi(mφ
8 + gtjkl[φj , φk, φl, T ]),
(33)
[δǫ, δǫ′ ]φ
8 = ιµ∂µφ
8
+Ωi(mφ
i + gtijkl[φj , φk, φl, T ] + tijk[φj , φk, φ8, T ]),
(34)
[δǫ, δǫ′ ]ψ
A = ιµ∂µψ
A + (Ωijγ
ij
AB +Ωiγ
i
AB)×
× (mψB + gγklBC [φ
k, φl, ψC , T ] + gγkBC [φ
k, φ8, ψC , T ]),
(35)
where ιµ and Ωij are parameters of translation and SO(7)
rotations. Ωi is an extra parameter, showing up because
of bosonic mixing in fermionic sector (35). One sees they
close on translation and rotations. They also imply some
algebraic extensions which becomes more clear soon.
The SUSY conserved charge can be written as
QA=
∫
d2xTr
[((
∂/φi− imφi−igtijkl[φj , φk, φl, T ]
−igtijk[φj , φk, φ8, T ]
)
γi
+(∂/φ8 − imφ8−igtijk[φi, φj , φk, T ])
)
(CψA)
]
.
(36)
Using canonical commutation relations of canonical fields
and their conjugate momenta
[(φi)pq , (π
j)rs] = iδ
ij δpsδqr, (37)
[(φ8)pq, (π
8)rs] = iδpsδqr, (38){
(ψAα )pq, (ψ¯
B
β )rs
}
= δABδαβδpsδqr , (39)
one can evaluate the “Q−Q” anti-commutator of SUSY
charges and read other conserved charges.
The Hamiltonian and physical momentum can be read
as follows
H =
∫
d2xTr
[1
2
πiπi +
1
2
πiπi +
1
2
∂iφ
i∂iφ
i +
1
2
∂iφ
i∂iφ
i
−iψ†Aσi∂iψ
A +
1
2
m2φiφi +
1
2
m2φ8φ8 +mψ¯AψA
+gγijABψ¯
A[φi, φj , ψB , T ] + gγiABψ¯
A[φi, φ8, ψB, T ]
+mgtijklφi[φj , φk, φl, T ] +mgtijkφi[φj , φk, φ8, T ]
+g2[φi, φj , φk, T ]2 + g2[φi, φj , φ8, T ]2
]
,
(40)
Pm =
∫
d2xTr
[
πi∂mφ
i + π8∂mφ
8 + ψ†A∂mψ
A
]
, (41)
where πi,8 = ∂0φ
i,8 are field conjugate momenta. They
together constituent 3-momentum Pµ = (H,Pm) sitting
in representation (3s,1s). One derives the conserved
charge of rotations in R-space in representation (1a,21a)
and an algebraic extension in (1a,7a) as
J ij = m
∫
d2xTr
[
π[iφj] + iψ¯AγijABψ
B
]
, (42)
J i± = ± m
∫
d2xTr
[
π[iφ8] + iψ¯AγiABψ
B
]
. (43)
There exists other algebraic extensions in representa-
tion (1a,21a) and (1a,7a) which consist of two parts.
One is due to matrix nature of canonical fields as
Zijmatrix =
∫
d2xTr
[(
π[i +mφ[i
)
×g
(
tj]klm[φk, φl, φm, T ] + tj]kl[φk, φl, φ8, T ]
)
+gψ¯AγijAB
(
γklBC [φ
k, φl, ψC , T ] + γkBC [φ
k, φ8, ψC , T ]
)]
,
(44)
5Zi±matrix = ±
∫
d2xTr
[(
π[i +mφ[i
)
gt8]jkl[φj , φk, φl, T ]
+gψ¯AγiAB
(
γklBC [φ
k, φl, ψC , T ] + γkBC [φ
k, φ8, ψC , T ]
)]
.
(45)
The other is a topological extension which is non-
vanishing only for a configuration with non-trivial bound-
ary conditions
Zijboundary =
∫
d2xǫ0mnTr
[
∂mφ
i∂nφ
j
]
, (46)
Ziboundary =
∫
d2xǫ0mnTr
[
∂mφ
i∂nφ
8
]
. (47)
Furthermore, there exists algebraic extension in
(3s,35s
c
) representation as follows
YA˙B˙µ =
∫
d2xgǫµ0m∂mTr
[
φitijkl[φj , φk, φl, T ]
+φ8tijk[φi, φj , φk, T ]
]
1
A˙B˙,
(48)
the above extension is there because of both the matrix
nature of canonical fields and non-trivial boundary.
Scale Invariant Theory By turning off the dimension-
ful parameter in the action (26), i.e. the mass m, the
action becomes scale invariant. It is believed that the
in a unitary interacting theory, the Hilbert space will be
symmetric under full conformal group of transformations.
The action of the conformal field theory would be
S =
∫
d3xTr
[1
2
∂µφi∂µφ
i +
1
2
∂µφ8∂µφ
8 + iψ¯A˙σµ∂µψ
A˙
−
1
2
(
gtijkl[φj , φk, φl, T ] + gtijk[φj , φk, φ8, T ]
)2
−
1
2
(
gtjkl[φj , φk, φl, T ]
)2
− ψ¯A
(
gγijAB[φ
i, φj , ψB , T ] + gγiAB[φ
i, φ8, ψB, T ]
)]
.
(49)
There exists a set of Poincare SUSY transformations,
which leave the action invariant. Bosonic transforma-
tions are as before (30) but the fermionic one is
δψ =
(
∂/φi + gtijk[φj , φk, φ8, T ] + gtijkl [φj , φk, φl, T ]
)
γiǫ
+
(
∂/φ8 + gtijk[φi, φj , φk, T ]
)
ǫ.
(50)
There exist also a set of conformal SUSY transformations
that leave the action intact
δεφ
i = ε¯ x/γiψ, (51)
δεφ
8 = ε¯ x/γ8ψ, (52)
δεψ =−
(
x/ ∂/φi + φi + x/ tijkl [φj , φk, φl, T ]
+ x/ tijk[φj , φk, φ8, T ]
)
γiε
−
(
x/ ∂/φ8 + φ8 + x/ t8jkl[φj , φk, φl, T ]
)
ε.
(53)
where x/ = xµσµ and ∂/ = σ
µ∂µ. Again, upon check-
ing on-shell closure of Poincare SUSY transformations
on canonical fields one reads 1
[δǫ, δǫ′ ]φ
i = ιµ∂µφ
i
+Ωij(gt
jklm[φk, φl, φm, T ] + tjkl[φk, φl, φ8, T ])
+ Ωi(gt
jkl[φj , φk, φl, T ]),
(54)
[δǫ, δǫ′ ]φ
8 = ιµ∂µφ
8
+Ωi(gt
ijkl [φj , φk, φl, T ] + tijk[φj , φk, φ8, T ]),
(55)
[δǫ, δǫ′ ]ψ
A = ιµ∂µψ
A + (Ωijγ
ij
AB +Ωiγ
i
AB)×
× (gγklBC [φ
k, φl, ψC , T ] + gγkBC [φ
k, φ8, ψC , T ]).
(56)
Forming algebra between Poincare SUSY and conformal
SUSY transformations results as follows
[δǫ, δε′ ]φ
i = Dxµ∂µφ
i + ωµν(xµ∂ν − xν∂µ)φ
i
+Ωij(φ
i+ g x/ tjklm[φk, φl, φm, T ] + g x/ tjkl[φk, φl, φ8, T ])
+ Ωi(φ
8 + gtjkl[φj , φk, φl, T ]),
(57)
[δǫ, δε′ ]φ
8 = Dxµ∂µφ
8 + ωµν(xµ∂ν − xν∂µ)φ
8
+Ωi(φ
i + gtijkl[φj , φk, φl, T ] + tijk[φj , φk, φ8, T ]),
(58)
[δǫ, δε′ ]ψ
A = Dxµ∂µψ
A + ωµν(xµ∂ν − xν∂µ + ǫµνρσ
ρ)ψA
+ (Ωijγ
ij
AB + Ωiγ
i
AB)×
× (ψB+ g x/ γklBC [φ
k, φl, ψC , T ]+g x/ γkBC [φ
k, φ8, ψC , T ]).
(59)
Finally, forming algebra of conformal SUSY reads as
[δε, δε′ ]φ
i = κµ(−2xµx
ν∂ν + x
2∂µ)φ
i
+Ωij(gx
2tjklm[φk, φl, φm, T ] + gx2tjkl[φk, φl, φ8, T ])
+ Ωi(x
2gtjkl[φj , φk, φl, T ]),
(60)
[δε, δε′ ]φ
8 = κµ(−2xµx
ν∂ν + x
2∂µ)φ
8
+ Ωi(gx
2tijkl[φj , φk, φl, T ] + gx2tijk[φj , φk, φ8, T ]),
(61)
1 The equations of motion which are used are
φi = −gγijAB[ψ¯
A, ψB , φj , T ]− gγiAB [ψ¯
A, ψB , φ8, T ]
−g2[φj , φk , [φi, φj , φk,T ],T ]− g2[φj , φ8, [φi, φj , φ8, T ],T ],
φ8 = −gγiAB[ψ¯
A, ψB , φi,T ]− g2[φj , φk, [φ8, φj , φk, T ],T ],
σµ∂µψ
A = −gγijAB[φ
i, φj , ψB ,T ]− gγiAB [φ
i, φ8, ψB ,T ].
6[δε, δε′ ]ψ
A = κµ(−2xµx
ν∂ν + x
2∂µ)ψ
A
+ (Ωijγ
ij
AB +Ωiγ
i
AB)×
× (gx2γklBC [φ
k, φl, ψC , T ] + gx2γkBC [φ
k, φ8, ψC , T ]).
(62)
The conserved charge of SUSY can be derived as
QA=
∫
d2xTr
[((
∂/φi − igtijkl[φj , φk, φl, T ]
− igtijk[φj , φk, φ8, T ]
)
γi
+(∂/φ8 − igtijk[φi, φj , φk, T ])
)
× (CψA)
]
,
(63)
SA=−
∫
d2xTr
[((
x/∂/φi − iφi − igtijkl[φj , φk, φl, T ]
−igtijk[φj , φk, φ8, T ]
)
γi
+(x/ ∂/φ8 − iφ8 − igtijk[φi, φj , φk, T ])
)
(CψA)
]
.
(64)
As before, from “Q − Q” anti-commutator one reads
conserved charge of translation Pµ = (H,Pm)
H =
∫
d2xTr
[1
2
πiπi +
1
2
π8π8 +
1
2
∂iφ
i∂iφ
i +
1
2
∂iφ
8∂iφ
8
−iψ†Aσi∂iψ
A
+
1
2
gγijABψ¯
A[φi, φj , ψB , T ] +
1
2
gγiABψ¯
A[φi, φ8, ψB, T ]
+
1
3!
g2[φi, φj , φk, T ]2 +
1
3!
g2[φi, φj , φ8, T ]2
]
,
(65)
Pm =
∫
d2xTr
[
πi∂mφ
i + π8∂mφ
8 + ψ†A∂mψ
A
]
, (66)
and related algebraic extensions Zij+ , Z
i
+ and Y
AB
µ+ .
From “Q − S” anti-commutator one reads conserved
charges of dilatation D, spacetime rotation Mµν as
D =
∫
d2x
(
xµP
µ
)
,
Mµν =
∫
d2x
(
xµPν − xνPµ), (67)
where curly letters stands for density of conserved
charges, i.e. taken off spatial integration. R-space con-
served charge J ij and J i can be read as
J ij =
∫
d2xTr
[
π[iφj] + iψ¯AγijABψ
B
]
, (68)
J i± = ±
∫
d2xTr
[
π[iφ8] + iψ¯AγiABψ
B
]
. (69)
Algebraic extensions Zijµ , Z
i±
µ , Y
AB and YABµν can also
be derived from this anti-commutator.
Similarly, from “S−S” anti-commutator one reads con-
served charges of SCT Kµ as
Kµ =
∫
d2x
(
− 2xµD + x2Pµ
)
, (70)
and related algebraic extensions Zij− , Z
i
− and Y
AB
µ− .
SO(4) × SO(4) subgroup of SO(8)
One proposes the following action which is manifestly
invariant under SO(1, 2)× SO(4)× SO(4)
S =
∫
d3x Tr
[1
2
∂µφi∂µφ
i +
1
2
∂µφi
′
∂µφ
i′
+iψ¯αα
′
σµ∂µψ
αα′ + iψ¯α˙α˙
′
σµ∂µψ
α˙α˙′
−
1
2
(
mφi + gǫijklφi[φj, φk, φl, T ]
)2
−
1
2
(
mφi
′
+ gǫi
′j′k′l′φi
′
[φj
′
, φk
′
, φl
′
, T ]
)2
−ψ¯αα
′(
mψαα
′
+gσijαβ[φ
i, φj , ψβα
′
, T ]+gσi
′j′
α′β′ [φ
i′, φj
′
, ψαβ
′
, T ]
)
−ψ¯α˙α˙
′(
mψα˙α˙
′
+gσij
α˙β˙
[φi, φj , ψβ˙α˙
′
, T ]+gσi
′j′
α˙′β˙′
[φi
′
, φj
′
, ψα˙β˙
′
, T ]
)
−[φi, φj , φk
′
, T ]2 − [φi
′
, φ
′j, φk, T ]2
]
.
(71)
Scalars φi and φi
′
(i = 1, 2, 3, 4) are in fundamen-
tal representation of each SO(4) and ǫijkl is its in-
variant tensor. Primed indices refers to second SO(4).
Spinors ψαα
′
α˜ and ψ
α˙α˙′
α˜ are in [(1/2, 0), (1/2, 0);2r] and
[(0, 1/2), (0, 1/2);2r] representation of SU(2)× SU(2)×
SU(2) × SU(2) × SL(2,R). Upper undotted-dotted in-
dices (α, α˙ = 1, 2) refer to Weyl and lower index (α˜ =
1, 2)refers to Majorana representation (for details of no-
tation see [7, 19, 21]).2
The following SUSY transformations leave the action
invariant
δφi = ǫ¯αα˙
′
σi
αβ˙
ψβ˙α˙
′
+ ǫ¯α˙α
′
σiα˙βψ
βα′ , (72)
δφi
′
= ǫ¯αα˙
′
σi
′
α˙′β′ψ
αβ′ + ǫ¯α˙α
′
σi
′
α′β˙′
ψα˙β˙
′
, (73)
δψαα
′
=
(
∂/φi +mφi + gǫijkl[φj , φk, φl, T ]
)
σi
αβ˙
ǫβ˙α
′
+
(
∂/φi
′
+mφi
′
+ gǫi
′j′k′l′ [φi
′
, φj
′
, φk
′
, T ]
)
σi
′
α′β˙′
ǫαβ˙
′
+ [φi, φj , φi
′
, T ]σijαβσ
i′
α′β˙′
ǫββ˙
′
+ [φi
′
, φj
′
, φi, T ]σi
′j′
α′β′σ
i
αβ˙
ǫβ˙β
′
,
(74)
δψα˙α˙
′
=
(
∂/φi +mφi + gǫijkl[φj , φk, φl, T ]
)
σiα˙βǫ
βα˙′
+
(
∂/φi
′
+mφi
′
+ gǫi
′j′k′l′ [φi
′
, φj
′
, φk
′
, T ]
)
σi
′
α˙′β′ǫ
α˙β′
+ [φi, φj , φi
′
, T ]σij
α˙β˙
σi
′
α˙′β′ǫ
β˙β′
+ [φi
′
, φj
′
, φi, T ]σi
′j′
α˙′β˙′
σiα˙βǫ
ββ˙′,
(75)
2 Dimensional reduction of the above action on torus, has been
proposed to be related to the DLCQ Hamiltonian of IIB string
theory on the plane-wave background in sector with N units of
light-cone momenta as regularized D3-brane [7] and polarized
non-BPS D0-branes [8].
7where parameters of SUSY transformations ǫαα˙
′
α and ǫ
α˙α′
α
are in [(0, 1/2), (1/2, 0);2r] and [(1/2, 0), (0, 1/2);2r] rep-
resentations. With 16 different SUSY transformations,
(71) is invariant under a large subgroup of OSp(8|2).
However, if one turns off dimensionful parameter (the
mass), then the action would be scale invariant which
is believed to be invariant under full SO(2, 3)×SO(4)×
SO(4) conformal transformation. Together with full con-
formal SUSY, it is invariant under a large subgroup of
OSp(8|4) SUSY group.
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A. THE CONSTRUCTION OF THE ACTION
An explicit formulation of an N = 8 SUSic action in
3D, realizing SO(7) global symmetry as its R-symmetry,
is presented here. Construction of the action with
SO(4)× SO(4) R-symmetry is similar.
In order to write SO(7) invariant non-linear interact-
ing terms, one has to incorporate a non-trivial structure
for fields. One assumes besides physical 3 dimensional
spacetime there is also an internal 3-dimensional space,
local coordinates of which are σr(r = 1, 2, 3). The canon-
ical fields are then functions of both set of coordinates
φi(x, σ), φ8(x, σ) and ψAα (x, σ). Now, the invariant ten-
sors of physical space and internal space are ηµν , ǫµνρ and
δrs, ǫrst respectively. Note that internal space derivations
∂r does not change the physical dimension.
The action is thus defined as
S =
∫
d3x L
[
ϕ, ∂µϕ, ∂rϕ
]
, (76)
for ϕ = φi, φ8, ψAα . The Lagrangian is constructed out of
the canonical fields, their spacetime and internal deriva-
tives and their conjugate momenta glued by invariant
tensors of demanded symmetry groups. One proposes
the following interacting Lagrangian
L=
∫
d3σ
(1
2
ηµν∂µφ
i∂νφ
jδij +
1
2
ηµν∂µφ
8∂νφ
8
+ iηµνψ¯Aασ
µ
αβ∂νψ
A
β
−
1
2
(
mφi+gtijkl∂rφ
j∂sφ
k∂tφ
lǫrst+gtijk∂rφ
j∂sφ
k∂tφ
8ǫrst
)2
−
1
2
(
mφ8+ gtjkl∂rφ
j∂sφ
k∂tφ
lǫrst
)2
−
1
2
ψ¯Aα
(
mψAα+gγ
ij
AB∂rφ
i∂sφ
j∂tψ
B
α+gγ
i
AB∂rφ
i∂sφ
8∂tψ
B
α
)
.
(77)
Noting appearance of Nambu 3-bracket defined as [22]
ǫmnp∂mϕ
I∂nϕ
J∂pϕ
K =
{
ϕI , ϕJ , ϕK
}
, (78)
which is skew-symmetric, satisfy Leibnitz derivation rule
and a fundamental identity [23], Lagrangian (77) can be
rewritten in a compact form as
L=
∫
d3σ
(1
2
ηµν∂µφ
i∂νφ
jδij +
1
2
ηµν∂µφ
8∂νφ
8
+ iηµνψA†α (Cσµ)αβ∂νψ
A
β
−
1
2
(
mφi + gtijkl{φj , φk, φl}+ gtijk{φj , φk, φ8}
)2
−
1
2
(
mφ8 + gtjkl{φj , φk, φl}
)2
−
1
2
ψ¯Aα
(
mψAα + gγ
ij
AB{φ
i, φj , ψBα }+ gγ
i
AB{φ
i, φ8, ψBα }
)
.
(79)
The Nambu brackets are linked to volume-preserving
diffeomorphisms [24].3 Thus, the bracket form of the ac-
tion (79) implies that it could be invariant under such an
infinite-dimensional group of transformations in internal
space. In fact if one supposes internal space is mapped
into a Euclidean target space whose local coordinates are
φI , then the triple product {φI , φJ , φK} is also invariant
under volume-preserving diffeomorphisms. Actually due
to fundamental identity it transforms as a scalar [24].
Similar argument works for Grassmann coordinates ψA.
Hence, such diffeomorphisms do not change the bracket
forms and thus leave the action invariant. Therefore, the
bracket form of the action is the reminiscent of a sym-
metry in internal space. The group theory and algebra
of the generators of volume-preserving diffeomorphisms
is elaborated to some extend [24]. It suggests that there
is a new kind of symmetry based on a new composition
rule whose algebra is given by triple commutator.
However, it is difficult to quantize the theory, because
of the non-linearity of the equations of motion and dif-
ficulty in solving them. On the other hand, in this con-
struction there are infinite number of degrees of free-
dom. In fact, there is a regularization procedure for
theories which have 2-dimensional area preserving dif-
feomorphisms where the surface has a compact topology
3 Volume-preserving diffeomorphisms, part of full diffeomor-
phisms, on internal space are described by a differentiable map
σm → fm(σ), such that {f1, f2, f3} = 1. Transformations in-
volve two independent functions, G1 and G2. The generators are
G = ǫmnp ∂mG1 ∂nG2∂p = G
p∂p, (80)
satisfying ∂pGp = 0. An arbitrary scalar function Φ(σm) in-
finitesimally transforms as
δξΦ = G · Φ =
˘
G1,G2,Φ
¯
. (81)
8[25]. They can be regularized by applying the Goldstone-
Hoppe map between representation theories of the alge-
bra of area-preserving diffeomorphisms and the N → ∞
limit of Lie algebras. It then instructs one to perform
the following prescription; functions are mapped to finite
sized matrices, Poisson brackets get replaced by matrix
commutators and surface integration by trace over ma-
trix indices [26, 27]. After regularizing the classical the-
ory the resulting theory is a system which has a finite
number of degrees of freedom.
One wishes to apply similar procedure for volume-
preserving diffeomorphisms of a 3-dimensional manifold
[7]. For simplicity one supposes it has the topology of a
3-sphere. In this case the manifold can be described by
a unit sphere with an SO(4) invariant canonical Nambu
form. Functions on this manifold can be described in
terms of functions of 4 Cartesian coordinates ζi on the
unit 3-sphere satisfying
δijζiζj = 1, (82)
{ζi, ζj , ζk} = ǫijklζl. (83)
Furthermore, by the definition of Nambu bracket, it is
possible to introduce a fixed function, ζ5, in such a way
that 3-bracket promotes to a 4-bracket which is nicer
practically. It is called odd-to-even embedding [28]
{
ζi, ζj , ζk
}
→
{
ζi, ζj , ζk, ζ5
}
. (84)
The Nambu 4-bracket can now be resolved to a fully anti-
symmetrized sum of strings of Poisson brackets.
Indeed considering (82), (83) and (84) it resembles
the same algebraic structure as that defined by 4-
commutator of gamma matrices of Spin(4) [20, 29]. In
fact they satisfy
δijγiγj = 4, (85)
[γi, γj, γk, γ5] = −4!ǫijklγl. (86)
It is instructive to associate coordinates on S3 with the
gamma matrices by this correspondence
ζi → Υi, (87)
ζ5 → Υ5, (88)
where Υ are generalized gamma matrices of SO(4) in
N dimensional representation. These matrices define a
non-associative algebra as totally anti-symmetric trilin-
ear product (alternatively called 3-algebra) [20, 30]
[ , , , T ] : A×A×A → A, (89)
where T = Υ5 is a definite fixed matrix [appendix B].
Thus, generally any function ϕ on this manifold can
be expanded as a sum of spherical harmonics of SO(4)
ϕ(ζi) = clm1m2Ylm1m2(ζ
i). (90)
The spherical harmonics can in turn be written as sum
of monomials in the coordinate functions
Ylm1m2(ζ
i) = ti1...illm1m2ζi1 . . . ζil , (91)
where the coefficients t are symmetric and traceless.
Thus the matrix approximations to each of the spheri-
cal harmonics with can be constructed through
Ylm1m2(ζ
i)→ (Ylm1m2)rs = t
i1...il
lm1m2
(
Υi1 . . .Υil
)
rs
. (92)
The matrix approximation of the spherical harmonics can
be used to construct matrix approximations to an arbi-
trary function as
ϕ(ζ)→ Φ rs = c
lm1m2(Ylm1m2)rs. (93)
It instructs one to perform the following prescription
to regularize the theory [7];
Differentiable functions are mapped to matrices
ϕ(x, ζ)→ Φ(x)rs = clm1m2(x)t
lm1m2
i1i2···il
(
Υi1Υi2 · · ·Υil
)
rs
,
(94)
where i = 1, 2, 3, 4, |m1,m2| ≤ l, l ≤ n and matrix in-
dices r, s = 1, · · · , N where N is the size of matrices as a
function of n to be determined momentarily. The num-
ber of independent degrees of freedom is counted by c(x).
Nambu bracket is promoted to matrix 4-commutators{
φI , φJ , φK
}
→ N [φI , φJ , φK , T ]. (95)
Fixed matrix T is introduced in the recipe of regular-
ization along the definition of 4-commutator, to have a
well-behaved one [7]. It has to be precisely defined.
The volume integration is replaced by trace over matrices∫
d3σ →
1
N
Tr. (96)
Performing all this one is led to (26). It defines a field
theory with finite number of degrees of freedom. In prin-
ciple the quantization of such a theory is straightforward.
The fields are now Hermitian N×N matrices. Naively,
theory has a symmetry group U(N) of global (internal)
transformations. From the solution to the equations of
motion, it becomes clear that T is a traceless matrix
which squares to identity matrix. Indeed it is propor-
tional to generalized Spin(4) chirality matrix. One can
use U(N) rotations to brings T 5 in this form. Then, upon
precisely defining it, this group is spontaneously broken
to SN , the group of permutations of N objects [20]. The
Goldstone bosons are just entries of the matrix fields.
B. THE NON-ASSOCIATIVE ALGEBRA
The 4-commutator is defined as fully anti-symmetric
product of four objects
[O1,O2,O3,O4] = ǫ
ijklOi · Oj · Ok · Ol. (97)
9In the matrix realization of the 4-commutator,O’s are or-
dinary square matrices and · is ordinary associative ma-
trix multiplication. It satisfies generalized Jacobi identity
ǫijklmnp[[Oi,Oj ,Ok,Ol],Om,On,Op] = 0, (98)
and by-part integration. It forfeits Leibnitz derivation
property, i.e. the associativity is compromised [7]. The
trace of a 4-commutator is zero. It has a proper classi-
cal limit and there is a c-number for the 4-commutator,
i.e. there is an identity element such that [ , , ,1] = 0.
Definition (97) can be written as
[O1,O2,O3,O4]∼ǫ
ijkl [Oi,Oj ,Ok,Ol]∼ǫ
ijkl [Oi,Oj ][Ok,Ol].
(99)
In order that 4-commutator defines an algebraic struc-
ture one supposes that it yields a fifth element
[O1,O2,O3,O4] = O5. (100)
Using (99), it can be rewritten as
[Oi,Oj ,Ok,Ol] = ǫijklO5. (101)
The aim now is to look for a set of five independent
elements satisfying the above non-associative algebraic
structure and close into each other. Through represen-
tation theory of Spin(n), noting the fact that multipli-
cation of gamma matrices is not associative and the fact
that ǫijkl is an invariant tensor of Spin(4), the idea is to
identify O’s with four gamma matrices Spin(4).
To see this more systematically, one starts with 5 di-
mensional Euclidean space. Its isometry group is SO(5)
and it has 4 dimensional spinor representation r on which
Spin(5) gamma matrices γm act. One defines generalized
gamma matrices Γm of the algebra A5 of N ′×N ′ hermi-
tian matrices as n fold direct tensor product of gamma
matrices and identity matrix
Γm = (γm ⊗ 1⊗ · · · ⊗ 1+ · · ·+ 1⊗ · · · ⊗ 1⊗ γm)sym ,
(102)
act on the symmetrized n-fold tensor product of smallest
irreducible spinor representation r, (r⊗n)sym. The di-
mension of representation is N ′ = (n+1)(n+2)(n+3)/6
[33]. This matrices have the following properties [20]
δmnΓ
mΓn = n(n+ 4)1
N′
, (103)
[Γm,Γn,Γp,Γq] = 8(n+ 2)!!ǫmnpqrΓr, (104)
where δmn and ǫmnpqr are invariant tensors of SO(5).
Now, one singles out one direction to reduce isometries
to SO(4), say 5th direction. Under chirality projection
P±, r decomposes into r+ and r−, positive and negative
chirality 2-dimensional spinor representations of Spin(4),
where four gamma matrices γi and chirality matrix γ5
act. Most generally N × N Hermitian gamma matrices
Υ’s, defined as projected n-fold direct tensor product of
gamma matrices and identity matrix [31, 33]
Υi = PRΓ
iPR, (105)
Υ5 = PRΓ5PR. (106)
In fact they are in N ×N dimensional either irreducible
or reducible representations of Spin(4) and chirality ma-
trix. They are in the matrix algebra A4. The projection
operator PR = PR+ + PR−
PR± =
(
P
⊗(n±1)/2
+ ⊗ P
⊗(n∓1)/2
−
)
, (107)
makes sure that the generalized gamma matrices act
within symmetrized tensor product space of reducible
spinor representation R = R+ +R− defined as
R=
(
r
⊗(n+1)/2
+ ⊗ r
⊗(n+1)/2
−
)
s
⊕
(
r
⊗(n−1)/2
− ⊗ r
⊗(n−1)/2
+
)
s
,
(108)
where r+ and r− are irreducible positive and negative
chirality 2-dimensional spinor representation of Spin(4)
and R+ and R− are irreducible representation with
(2jL, 2jR) respectively (n+1/2, n−1/2) and (n−1/2, n+
1/2). The dimension of R is N = (n + 1)(n + 3)/2. It
can be shown [20, 29, 32]
Υ5Υ5 = 1
N
, (109)
δijΥiΥj = N · 1
N
. (110)
Furthermore Υ5 and Υi anti-commute and also fulfill
[Υi,Υj ,Υk,Υ5] = −ǫijklΥl, (111)
(or [Υi,Υj,Υk,Υl ] = +ǫijklΥ5.)
Thus, the 4-commutator can be thought of as acts like
[ , , ,Υ5] : A×A×A → A and drop projection.
One also demands this algebra reproduces the classi-
cal algebra of differentiable functions in the largeN limit.
Thus the projections should be imposed properly to sin-
gle out proper operators [33]. The number of operators
surviving in End(R±) is n(n+1)(n+2)/6 and the num-
ber of them in Hom(R±,R∓) is (n+1)(n+2)(n+3)/6.
Furthermore, the matrices should act in the same man-
ner on R+ and R−. Thus, one sums each state of
End(R+) with the corresponding one fromEnd(R−) and
so on, giving the total number of degrees of freedom as
(n+ 1)(n+ 2)(2n+ 3)/6. However, the algebra does not
close under multiplication, and one has to project back
into A4 after multiplication. This product is in general
non-associative.
Finally, the number of degrees of freedom of Hermi-
tian N × N matrix fields which are spanned in gamma
basis (94) and obey the non-associative algebraic struc-
ture (111), is the number of independent coefficients
clm1m2(x) of (94) which can be calculated as
n∑
l=0
(2l+ 1)2 ∼ n3 ∼ N3/2. (112)
It implies number of degrees of freedom scales like N3/2
not N2 (for similar result see also [31]).
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